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^ ■ Abstract. We show the sharp global well posedness for the Cauchy problem for the cubic 

\ (quartic) non-elliptic derivative Schrodinger equations with small rough data in modulation 

spaces M|_i(R") for n ^ 3 (n = 2). In 2D cubic case, using the Gabor frame, we get some 
time-global dispersive estimates for the Schrodinger semi-group in anisotropic Lebesgue spaces, 
which include a time-global maximal function estimate in the space L^-^L'^^ ^. By resorting 

■ to the smooth effect estimate together with the dispersive estimates in anisotropic Lebesgue 
, spaces, we show that the cubic hyperbolic derivative NLS in 2D has a unique global solution if 

_5 ' the initial data in Feichtinger- Segal algebra or in weighted Sobolev spaces are sufficiently small. 

■ 2010 Mathematics Subject Classifications. 35 Q 55, 42 B 35, 42 B 37. 

Key words. Non-elliptic derivative Schrodinger equation; Gabor frame; modulation spaces; 
CO ' well posedness; ill posedness. 

o 

'. 1 Introduction 

m 
o 



(N 



In this paper we consider the Cauchy problem for the derivative nonhnear Schrodinger 
equation (DNLS): 

iut — A±ii = -u, Vn, Vn), ii(0, x) = tio(x), (1-1) 
X ! where A± = eidl^ + ... + Endl^, ei G {1, -1} for i = 1, ...,n, Vn = {ux^, ...,UxJ, 

^' F{z)=F{zi,...,Z2n+2)= Yl ^Z'^'^' "^^2' ""^^^ (^-2) 

m-|-l^|/3|<oo 

and |c/3| ^ for /3 = (/3i,...,/3 2n+2)- A special case of (jl.ip is the following 

iut - A±u = 't ■ V(l'up'^n) + filul^^u, u{0, x) = uo(x), (1.3) 

A G C", /i € C and /t, G N. It is known that (|1.3p {k = 1) arises from the strongly 
interacting many-body systems near criticality as recently described in terms of nonlinear 
dynamics [5l [9l [35] , where anisotropic interactions are manifested by the presence of the 
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non-elliptic well as additional residual terms which involve cross derivatives of the 

independent variables. Another typical example is the Schrodinger map equation 

iut- A±u = Y^-j--^{eiul^ + ... + enulj, u{0,x) = uo{x), (1.4) 

which is an equivalent form of the non-elliptic Schrodinger map 

st = sxA±s, s{0,x) = so{x). (1-5) 

where s = (si, 82,53), s : M x M" — §^ is a real valued map of {t,xi, ...,Xn). Indeed, if u 
satisfies ()1.4p . taking 



2Re u 2Im u 1 — \u 



1 + |n|2' 1 + |n|2' 1 + l-uP^ 
we see that s is the solution of ()1.5p . Conversely, taking u as the stereographic projection 
of s defined by 

u = , 

1 + S3 ' 

we see that (|1.5|) reduces to p.4|) . A large amount of work has been devoted to the 
study of the elliptic Schrodinger map initial value problem (A± = A) together with their 
generalizations [U El EH [32l [Ml US] . 

If there is no condition on initial data, it is easy to give a finite-time blow up solution 
of the derivative NLS and in the non-elliptic case, all of the blow up points can constitute 
a curve, see Appendix C. 

For the general equation p.ip in the elliptic case with nonlinearity ()1.2p . the local 
and global well posedness were studied in [H [22l |23l [271 [29]. When the nonlinear term F 
satisfies an energy structure condition RedF/d{Vu) = and the initial data are sufficiently 
smooth in weighted Sobolev spaces, Klainerman [22], Shatah [29] and Klainerman and 
Ponce [23] obtained the global existence of (jl.ip in all spatial dimensions. Chihara [4] 
considered the initial data in sufficiently smooth weighted Sobolev spaces and removed 
the energy structure condition RedF / d{SJu) = for n ^ 3 and only assume that cubic 
terms Fi{z) in F{z) is modulation homogeneous (i.e., Fi{e^^ z) = e^^Fi{z)) for n = 2. 
Ozawa and Zhai was able to consider the initial data in with s > n/2 + 2, n^3 
and RedF/d{Vu) = V(6'(|mP)) for some real valued function 9 £ C'^ with 9(0) = 0. 

In the non-elliptic case, the smooth effect estimates seem to be useful tools for the well 
posedness of (jl.ip with nonlinearity (jl.2p . Roughly speaking, this method relies upon the 
dispersive structure for the Schrodinger semi-group and the energy structure conditions 
for the nonlinear terms are not necessary for the local well posedness and for the global 
well posedness with small data. By setting up the local smooth effects for the solutions of 
the linear Schrodinger equation, Kenig, Ponce and Vega [191 [20] were able to deal with the 
non-elliptical case and they established the local well posedness of Eq. (jl.ip in with 
s S> n/2. The global existence and scattering of solutions of (jl.ip and p.2p with small data 
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in modulation spaces (so in with s > n/2 + 5/2, n ^ 3) were recently obtained 

in [39]. Moreover, the results in [3^ contains non-elliptic Schrodinger map equation as a 
special case if n ^ 3. 

In this paper we study the global well posedness of solutions of ()1.3p . and (jl.ip and 
()1.2p . we show that (|1.3p in modulation spaces has a critical index s = 1/2k for 

which ()1.3p is globally well posed for small data if s ^ 1/2k and ill posed if s < 1/2k, 
K ^ 1 for n ^ 3, K ^ 2 for n = 2 respectively. Similarly, (jl.ip with nonlinearity (|1.2p 
in modulation spaces Ml ]^ has a critical index s = 1 + 1/m for which it is globally well 
posed with small data ifs ^ 1 + 1/m and ill posed ifs<l + l/m, m^2 for n ^ 3, 
m ^ 3 for n = 2 respectively. In 2D case with m = 2, and ID case with m = 3, we 
show that (jl.ip with nonlinearity (jl.2p is globally well posed for the small Cauchy data in 
Feichtinger-Segal's algebra Mf^. On the basis of the Gabor frame expression for the initial 
data, we will establish a class of linear estimates in anisotropic Lebesgue spaces, these 
estimates together with the smooth effect estimates for the linear Schrodinger equation 
(cf . [U [HI [20I [251 SOI [Ml [S] ) and frequency-uniform decomposition techniques yield the 
existence and uniqueness of global solutions for small initial data. 



1.1 Notation 

In the sequel C, Ci will denote universal positive constants which can be different at each 
appearance, x < y for x, y > means that x ^ Cy, and x ~ y stands for x < y and y < x; 
xVy = max(x, y). For any p £ [1, 00], p' denotes the dual number of p, i.e., 1/p+l/p' = 1. 

Let ^ be Schwartz space and S^' be its dual space. All of the function spaces used in 
this paper are subspaces of y' . We will use the Lebesgue spaces := LP(R"') with the 
norm || • \\p := \\ ■ \\lp, the function spaces L^Lx and LxL^ for which the norms are defined 
by: 



LxLt 



L£{M") 



We denote by L^JL?^ ,. for (xj)j-Li = (xi, Xi_i, Xj+i, x„) and Ll\Ll% for 
(x2, ...,x„) the anisotropic Lebesgue space for which the following norm is finite: 



X 



rPl rP2 



:i.6) 



Let ^ ) be the (inverse) Fourier transform. We will write 



'^Xi denotes the partial Rieze potential in the Xj direction. The homogeneous 



Sobolev space is defined by {-/^y/'^L'^ , = L"^ r\ . Recall that the weighted 
Sobolev space //*'^(R") is defined by 



\u\ 
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Let {c7fc}fcg2'i be a smooth cut-off function sequence satisfying 

suppcjo C [-1, 1]", Uk = (7{- - k), '^kiO = 1- (1-7) 

We know that if {r]k}k£Z satisfies ()1.7p for n = 1, then we see that 

= % (6) k = {ki,...,kn) (1.8) 

satisfies (|1.7p . We can define the frequency-uniform decomposition operators as: 

\Jk := k G Z", (1.9) 

and we write 

ll/IU/|„{M") = f E WIP'«/IIL(R")) ' (1-10) 

which is said to be a modulation space. Modulation spaces ^ were introduced by 
Feichtinger with the following equivalent norm (cf . (131 E] ) 



(^l^jVJ{x,u)\Pdxy\u:r''duj^ , (1.11) 

where, for a given window function g G J/', Vg is the short-time Fourier transform: 

Vgf{x,u)= f e~''^g{t - x)f{t)dt. 



The behavior of the Schrodinger semi-group in modulation spaces are rather different from 
those in Lebesgue spaces. Indeed, it was shown in [3l [361 EZ] that 

||e^*^±no||M|,, <(l + |t|)'"('/'-'/^)l||^xo||M|,,, l^p,g^oo, seM, 

\W'^^u4m^ < (1 + |t|)-"('/'-'/P)||no|Un ' > 2, l/p + l/p' = 1,0 l,s e K, 

which means that Schrodinger semi-group is bounded in any ^ and satisfies a truncated 
decay from M*, ^ to g. It is known that Schrodinger semi-group in Lebesgue spaces 
is bounded if and only if p = 2 and the truncated decay from to U' does not holds. 
Considering the inclusions between modulation and Sobolev spaces, we have (cf. [311 

EE!) 

fjn/2+s+ ^ ^ (^g^j^^p inclusions). 

From scaling point of view, we see that the critical Sobolev space of ()1.3p in the case 
/i = 0,n ^ 2 is if"/2-i/2K_ If can solve fO]) in M^^ with s < n/2 - 1/2k, which 



4 



contains a class of data in L? \ //"/2-i/2k^ then there is a class of //"/2-i/2k supercritical 
data such that (|1.3p is well posed. 

The space M^^ with s ^ 0, so called Feichtinger algebra (or Feichtinger-Segal algebra), 
is one of the most important modulation spaces which enjoys the following interesting 
property ([13111]): ^ {^~^) ■ M^^^{W) Mf^-^{W) is an isometric mapping. On the 
other hand, it is known that ^^^["(M") C Mf ^(R") C 5i,i(M") are sharp inclusions (cf. 
[311 EH EH] I can be regarded as an analogue of Schwartz space which preserves 

Fourier transform but has little smoothness. 

1.2 Main results 

For convenience, we write for n ^ 2, 

n 

h\r=Y^ E (A..)V2+iM||n,txkgo^. (1.12) 

i=l fceZ", |A:i|>20VmaXj^, \kj\ 



Hr^^=EEiPHU^..-,^^,, (1.13) 



i=l 

istr 



^{k)y"^\\a,n\\^^^,^^rn^^.. (1.14) 

We denote llnlF^'" = llulF + llnlF. 



1 /2k, 

Theorem 1.1 Let n ^ 2, k, G N, /t ^ 2 for n = 2. Suppose that uq £ ^'^'^ there 

exists a suitably small 5 > such that ||tio|L,a/2K ^ 5. Then (jl.Sp has a unique solution 

u G C(M, m]'^^^) n where 

X^/'^'' = [u^y ■.\\uf'°^'°^^^^' <6] , m = 2K. (1.15) 

Moreover, if s < 1/2k, then (jl.Sp with fi = is ill-posed in the sense that the solution 
map uq^u is not C^'^+i from M| i to C([0, T]; M| i) /or any T > 0. 



1+1 /tt). 

Theorem 1.2 Lei n ^ 3, m ^ 2. Suppose that uq £ and there exists a 

\all 6 I 

u e C(M,M2+^/") n X^+V™, where 



suitably small 5 > such that \\uo\\ 1+1/m ^ 5. Then p.ip has a unique solution 



j^l+l/m _ ^ 



^ ^' • EE ll^x.^ir""'"'^"'''*'' < > • (1-16) 



a=0,l e=i 



Moreover, if s < 1 + 1/m and F = \dxiu\"^dxiU, m E 2N, then (jl.ip is ill-posed in the 
sense that the solution map uq ^ u is not C""^^ from M| ]^ to C([0, T]; M|^;^) for any 
T >0. 



^Bp q denotes Besov space. 
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Theorems 11.11 and 11.21 also hold in ID in the cases k ^ 2 and m ^ 4, respectively for 
the well posedness with small data in M^/^^ and MgJ"^/™ for ([13]) and JTI]); cf. [SH]- For 
cubic case in 2D, we need more regularity for the initial data. First, we need the following 
semi- norms: 



A;eZ2, |A;i|>|fc2|V20 

+ Yl ^^2>=^/'|Pfcn||^j.i2^^^, (1.17) 

feeZ2, |fc2|3:|fci|V20 



\u\r' 



: E WIP/^^llLrLinLt.' Il^r^*'' = E W^f^'^WLly (1-20) 

The regularity of || • ||'^™'^ and ||n||'^*''2 is higher than that of || • ||*^™ and 

Theorem 1.3 Let n = 2, m = 2. Let uq G -^i i o-nd there exists a suitably small 
5 > such that H^iolU/^. ^ ^- Then p.l|) with nonlinearity (|1.2p has a unique solution 
u G C(M, Ml^) n Cioc(lR, M]^/^) n y, w/iere 

Y = \ ue^' : E E ||a^^t/||"'^2nmaxnantnstr2ngstr < ^ J, _ ^-^^21) 
Q!=0,1 1=1,2 

In particular, if uq E IL^'^ and \\uo\\jjs,b ^ S with s > 3 and b > 1, then the result holds. 

Corollary 1.4 Let n = 2, sq = (si(0), S2(0), 83(0)) G y,^^/^ si(0),S2(0) G Mf^^ and 
there exists a suitably small 5 > such that \\si{0)\\j^j2 ^ ^ 6 for i = 1,2. Then (jl.Sp /las a 

unique solution s = (si, S2, S3) G wi^/i si, S2, \ss\ — 1 G C(M, M|-^) n Cioc(IR, M^^^) n X, 
where X is as in (|1.2ip . 

Theorem 1.5 Let n = 1, m = 3. Assume that uq G mI\^^ and there exists a small 
5 > such that ||no||^^ii/6 ^ 6. Then (jl.ip with nonlinearity (|1.2p has a unique solution 



1,1 



u G C(M, May^) n Cioc(M, Aff /^) n where 



and 



U G ■ ^ ^ ||^o^||sml n maxl n antln strlngstrl < \ (1 22) 

a=0,l 



= V (A:)4/3||nfcn||iooi2, 



fcez, |fcl^20 
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k& ' fcez 

1.3 Strategy of the proof 

We now sketch our ideas in the proof for the main results in the 2D cubic case. We consider 
the fohowing equivalent integral equation, 

u{t) = S{t)uo-i [ S{t-T)F{u{T))dT, S{t):=e'*^, a = d^^ - d^^, (1.23) 
Jo 

where we assume for simply that F{u) = dxi{\u\'^u). By following the smooth effects in ID 
as in Kenig- Ponce- Vega [19) , the global smooth effects for the solutions of the Schrodinger 
equation in 2D were essentially obtained by Linares and Ponce |25j . 



\Di{'sm\ 



< 



dx, f S{t - T)F{T)dT 

Jo 



The second estimate from L^.^L'^^ j to L'^^L'^^ ^ has absorbed one order derivative, which 
enables us dealing with the derivative in the nonlinearity F = dxi{\u\'^u). By Holder's 
inequality, 

|||nPn||rl r2 ^ ||tt|| rex. r2 \\u\\'l 2 Too . (1-24) 

So, one needs at least to estimate ||ti||L2 ^. According to the integral equation, we need 
to show that ||5'(t)uo||L2 ^cx) ^ is bounded. Following |1S], it was shown in [HU] that 

IPfc^(i)^o||Lg^L-_,(Ri+2) < (A:)^/^'||nfctxo||L2{R2), V p > 2. (1.25) 

When p = 2, there is a logarithmic divergence and we can not obtain the time-global 
estimate. To overcome this difficulty, we will use the Gabor frame. Roughly speak- 
ing, any function uq in and in any modulation space can be expressed in the form 
Efc,zez2 Cfc/e'^^^e-l^-'l'/^, it follows that 

Q lai]^— ;]^+2tfci p |a;2-i2-2tfc2l^ 

■; -^12 ,2^-I-re 2(l-2it) 2(l+2it) 

s{t)u, = y: c..e'^^e-('=.-^.) n aTmy^ • ^'-''^ 

k,iez^ 3=1 V-^ + *M 

We can get the following time-global estimates 

IPfc5'(t)no||L2^Loo^^(Ri+2) < {k)^^^\\\JkUo\\Li{R2), (1.27) 
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WOk I S{t - T)/(r)dr||^2^ioo^^(Ki+2) < (A:)i/2||n,/||^i_^(j,n..). (1.28) 

Noticing that ||nfcw||2 ^ ||nfcn||i and comparing ()1.27p with (jl.25p . we see that there is a 
loss of spatial index in ()1.27p and ()1.28p . According to ()1.28p . one need to bound (after 
ignoring the frequency locahzation and spatial regularity index) 

II'9xi(|'uP^^)|Ili (Ri+2) ^ ||n^ilL^L2 \\u\\l^ ^4 . (1.29) 

In another way, 

ll'9xi(kP^^)||Li ,(Ri+2) ^ WUxAlLlJWWl'i^^- (1-30) 

()1.29p is beneficial to the higher frequency part and ()1.30p is useful for the lower frequency 
part. In summary, L^L^^ t is used for absorbing the derivative in nonlinearity. For the 
lower frequency part, L^L^^,* is a bad space and we use the Strichartz space L^^^nL^L^ 
as a substitution. L^^L^ t is a maximal function space arising from the nonlinear estimate 
()1.24p . In order to get a time- global estimate for the Schrodinger semi- group in L^^L!^ ^, 
an intermediate space ^ is introduced. Finally, the anisotropic space L^^L^^,* and the 
generalized Strichartz space ^ is employed for the nonlinear estimates in L;^. ^. 



2 Linear estimates via Gabor frame 

Gabor frame is of importance in the time-frequency theory, its discrete form enable us to 
get an exact expression for the solution of the free Schrodinger equation, see below ()2.2p . 
Indeed, Cordero, Nicola and Rodino [7] calculated e-i*^(ei"'=^e~'^l^~^l^). The advantage 
of the Gabor frame expression is that it has no singularity at t = and easier to calculate 
than the following form 



In this section, we always denote |^|^ = Yl^=i^j^j ^ where ej G {1,-1} is arbitrary. For 
any x G M", we write x = (x2, ...,x„). 

rt 

5(t) = ^-ie""l«l±^, ^fit,x)= S{t-T)f{T,x)dT. (2.1) 

Jo 

Proposition 2.1 (Gabor frame expression) Let s G M, 1 ^p,q < oo, uq G Af^ g and 
Then we have 

" p 2(l-2i£jt) 
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Proof. In view of 



2/2 



we see that 



It follows that 



In view of 



we see that 



Sit)uo= Cfeie'"=^-M e'*l«l±e-"«e 



-\f{- - k)) = e'^-^-V, =^-^(e-"«/) = {^-'f){- - 0, 



S{t)uo = ^ Cfc/e 



^-1 ( ei*l5+^1ie-^ 



(x-l) 



n 



(2.3) 



Using the fact that ^ '^^i/^ = c ""^^^e ^i/^^^ -^g immediately have the result, as desired. 
□ 



Proposition 2.2 Let n ^ 1 and 1 ^ r,p,p ^ oo. Assume that one of the following 
alternative conditions holds: 

1 1 1\ 1 , , 

(2.4) 

(2.5) 



n| ---)>-, r i^p, or 

r 2 p J p 

1 1 1\ 1 

n| - — - =-, r < p < oo. 

r 2 p J p 



Then we have 



< 



l/p+l-l/r . 



Proof. Let uq = J2k Cfc^e'^^^e"!^"'!^/^. By Proposition 12.11 



\xj-lj+2tejkj\ 



c,ZgZ" j=l 



I cc-]^ — Z-|^ +2tf-|^ k-^ I 



^(t)""/^e 2(1+4*^) 



reZ"-i i=2 



Li 



(2.6) 
(2.7) 



(2.8) 



9 



Applying the fact that sup^^q{x)^ /e^ < oo for any A'' > 0, we have 



< 



I J I j kj I 



1 + 



• (2.9) 



In view of Lemma IB.ll we have (see Appendix) 

< ^^N,(n-l)/r' + (n-l)/p 



n |..-i,+2t.,fc,|- 



(2.10) 



It follows from IQM) and ([2TII]) that 



\\S{t)uo\\ 



< 



l/r 



n I n — 1 I n — 1 
-t- -t- i5 



2(1+4*2) 



E 



l/r 



— 4- ^ I 71 — 1 



E i^^H^' 



\xi-li+2teiki\^ 
g 2(1+4*2) 



fceZ",fci=o 



l/r 



E(*)" 



— 4- 1 I 71—1 

" 2^ I" p 



E i^'^^i' 



1^1 -'ir 

2(1+4*2) 



:= ylhi + ^lo 
We consider the estimate of A-^i. 

3 



(2.11) 



A.^E E 



l/r 



Ew" 



n I n — 1 I 11 — 1 
' 2''^ r' ^ p 



E i^^^'i' 



2(1+4*2) 



!iez 



JG2 



:=Ti + T2 + T3, 
where we denote 

Bi = {(xi,0 

©2 = {(Xl,t) 
Bg = {(Xi,t) 

We now estimate Ti. Usingt sup^>Q(x)^/e^' < oo for any 6* > 0, we have 

l/r 



(2.12) 



|xi > 4|tA;i|}, 

\xi - li\ < \tki\}, 

\tki\ ^ \xi - hi ^ 4\tki\}. 



T^i^ E 



71 I n—1 I n — 1 

^ fy 



^(t) 2' ■ p 

/iGZ 



E i^'^'i' 

UGZ"-i 



1^1 -'ir 

g 8(1+4*2) . 
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l/r 



— 4- I n — 1 



n I 71 — 1 I ri 
' 2 ^^^"^p 



l/r 



(2.13) 



By Lemma IB.ll and (|2.13p , we have 



E fEi^^'O 



l/r 



Noticing that |i| ~ \xi — li\/\ki\ in D3, we have 



A;eZ",fci7^0 

fceZ",fci7^o 



E 



E 



n I n — 1 I n — 1 



l/r 



Xl -ll\ 2^ r' ^ P 



l/r 



(2.14) 



By Lemma IB.H we have 



T3< E^^i)^^' [T^i^kA 



l/r 



(2.15) 



For the estimate of T2, we have 



E 



Ec)-^ 

I1& 



2 p 



l/r 



E 

I1& 



n I n —1 I n 



l/r 



Xl-ll\ 2^ r' 



E i^'^'r 



(2.16) 



By Lemma IB. 11 we see that T2 has the same upper bound as T3 in ()2.15p . Collecting the 
estimates of Ti, T2 and T3, we have the desired estimate. 
We consider the estimate of Aiq. We have 



Ao<E E 

s=l fcGZ",fci=0 



l/r 



Ew" 



n I n — 1 I Ti — 1 
' 2 "^^ r' ^ p 



|j:i-'i 
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:— ^1 + ^2, 
where we denote 

Ei = {(xi,t) : > \t\}, 

E2 = {(xi,t) : ^ \t\}. 

Applying the fact sup^>o(^)^/^^ < °o, we have 



(2.17) 



E 

fcGZ",fci=0 



1/r 



< 



E 



%A;i=0 

By Lemma IB.H we have 



n I n — 1 I Ti — 1 
" 2^ ^7 p 



1/r 



(2.18) 



E E 



1/r 



'(0,fc)il 



Analogous to the estimate of T2, we can show that H2 has the same upper bound as Hi. 

□ 

Let us observe an endpoint case r = 1. We have 



conditions holds: 



n 



p, 


P 


^ 00 


Assume 








1 


n 1 




-3) 


> -; or 




v2 




P 


1 






l<p< 


2 ~ 










1 P 





Then we have 

l|5'(i)^io|lLP^L|_^(Ki+n) < ||no||^^i/P- 

II'^/IIl?,L|_,{R1+") ~ II/IIli(R, Ml/li^l^))- 

3 Linear estimates with □^-decomposition 



(2.19) 
(2.20) 



Corollary 3.1 (L^-anisotropic estimates) Let n ^ 1, 1 ^ p,p ^ 00. Assume one of the 
following alternative conditions holds: 

(I l\ 1 

- - - > -; or 
\2 pj p 
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(\ \\ 1 

n --- =-, l<p<(X). 
V2 p) p 

Then we have 

IPfe5'(t)uo||iP^iP^^(iRi+„) < (A;)^/P||nfcno||Li(Rn), (3.1) 

/n particular, we have for n = 2, 

q™f^ll°^'^(*)^olli'iii^2,t(iR'+") - (^)^^^IPfc^o||Li{K2), (3.3) 

max ||nfc^/||i2^i.^_^(Ki+2) < (A;)i/2||nfc/||^i_^(K„+i). (3.4) 

||nfc5(t)no||i3^^(Ki+2) < (/c)i/3||n^^o||^,(j^2), (3.5) 

IPfc=^/llL3,(Ri+2) < (A;)i/3||n,/||^i_^(K„^.i). (3.6) 

Proof. By Proposition 12.31 we have 

^^•^(^^^[^^^^^^(Ml + n) < IPfcUoll^l/p. (3.7) 

By definition and Ofc : U —?■ L'§1, 

IPfc^oll^i/P ^ Yl {k + l)'HOk+iakUo\\i < (A:)VP||n,no||i, 



1,1 



which implies the result, as desired. □ 
Proposition 3.2 (Smooth effects, j25l l39j ) For any k = (ki, . . . , kn) € Z", we have 

\\Dl{^DkS{t)uoh^^Ll, < WDkUoh, (3.8) 
\\d^,Dk^fh^^Ll, < WOkfhl^Lly (3.9) 
Proposition 3.3 (Strichartz estimates, [371 [39]) Let 4/n ^p < oo. We have 

|pA:5'(t)no||^2+pj^^^^^2(]ji+n) ^ |Pfc^^o||L2{R")> (3.10) 

|Pfc=2^/|lioc^2 nL2+P(Kl+") ~ IPfc/lli(2+P)/(l+P)(Kl+n)- (3-11) 

Proposition 3.4 (Interaction estimates, |39j ) Lei 4/n ^ p < oo. VFe /laue 
(1) Smooth- Strichartz estimates 

|Pfc<9xi^/||j^c«^2 nL2+P(Rl+n) < (A;i)^^^|Pfc/||Ll^L2^^(Kl+")> 



=max(|Zi|,...,|L|) for Z = (/i,...,Z„) £ Z". 
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(2) Strichartz- smooth estimates 

(3) Strichartz-maximal estimates 

\\akd^,^f\\L. < (/ci)(fei)'/^||nfc/L(2+rt/(i+rt, 2^q^oo, 

1 x,t 

(4) Smooth-maximal estimates 

Proposition 3.5 (L^-anisotropic estimates) Let n ^ 1, 2 ^ q, q ^ oo. Assume one of 
the following alternative conditions holds: 

(I 2\ 2 
n\---\> or 
\2 ql q 



n 



1 2 
2~~q 



= -, 2<q<oo. 

q 



Then we have 



IPfc'S'(0^^o|lLj^L|_^(]Ri+n) < (A:i)^/''|pfc«o||2, 

IPfe-^/llL^,L|,(Mi+") ^ {k)'^'\W\\LlLl 

Proof. By duality, it suffices to show that 

/ {nkSit)uo,<P{t))dt<{k,y/i\\DkUo\\ 

JR 

It is easy to see that 

/ inkS{t)uo,m)dt < {ki)'/i\\nkuo\\2 V Ok+i [ si-t)<f>it)dt 

JR 1,1 ^1 J 

We have 



=^1 



(3.12) 
(3.13) 

(3.14) 
(3.15) 



Let us observe that 



J Si-t)<l)it)dt 



^ WWtI' T<i' 

2 '^x\^x,t 



Ok J S{t- s)(j)is)ds 



(3.16) 



Dk J S{t - s)(l){s)ds = (^-^ei*l«l±77fc(0) * ^, 
where * denotes the convolution on x and t. Applying Young's inequality, we obtain that 



s)(f){s)ds 


< 


^-'ei*l«l±%(0 









,«/2 q/2 lining' r|' - 



(3.17) 
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Hence, if we can show that 

||^-ie'*l«l±a,(e)||^,/2^,-/2 < (^1)2/-?, (3.18) 
then the result follows. Indeed, in view of Corollary 12.31 

||^-'e'*l«l±afe(e)|^,/2^,-/2 < (A;i)2/^||^-V,||i < {hf/'^. □ 

Following some idea as in Bejenaru, lonescu, Kenig and Tataru's [1], we have 

Proposition 3.6 Suppose that the conditions of Proposition I A'. 51 are satisfied. Then for 
\ki\ ^ 20, we have 

IPfc=^/llL|,L|,(IRi+") ^ (^l)'^''"'/'lP-fc/llLi^Li,,((R"+i)- (3.19) 

Proof. Denote 

|<e|± -r 

We can assume that |^|^ = + ^2^2 + ••• + ^nCn '■= Ci + |C|±- Denote 

E = {(r,OGM": |eT± - r < 0}. (3.21) 

Let ak{£,) = flki{ii)---rikn{^n) be as in ()1.7p and (jl.Sp . We can assume that A;i > 0. We 
have 

= c --2 afc/l-r, Od^dr 



|£i|>10 



Jmx(ir"\e) I4I± ~ 

■.= 1 + 11 + III. (3.22) 

Let /(yi)(T, ,^) be the Fourier transform of f{t,yi,y) with respect to t and y. Using the 
almost orthogonal property of O^, we have 

I = c E / / ^'^'^^'^^^-k+ii^)Vk,+i^ Ur - 

/ /■ gi(3;i-2/i)?l \ 

^ / .2 , 1.-12 dUrdyi. (3.23) 
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For any a > 0, one has that 



'^1^1 sgn(xi) ; 



t2 _ „2 



2a 



(3.24) 



Applying (|3.24p and changing the variable, the norm in L%j^L'^ ^ of the right hand side of 
()3.23p can be reduced to the following estimate 

/ sgn(xi -yi) (=^-^e'*l«l±as(e)%i (6) nl/fyOdeli, {xi-yux)dyi 



< 



Applying Proposition 13.51 we have 



dyi. (3.25) 



r < 



xik,-iM+i](mf{yim\±,o 



L2 



dyi 



<{ki)"'-"^ / ||(nfc/)(t,yi,y)||i./yi. 

y.t 



(3.26) 



Next, we consider the estimate of //. We have 

3^(*^+"«)a^+,-(0^;^.+.x (V^-ieil) □IfS)(T,e) 



ii = c 

\ii\oo^i, lii|>io 



dil didrdyi. (3.27) 



Integrating by part, we see that 



/ 



d6 



< 



max 



1 + \xi\ la-fciKi 1^1 - s 



:=K(xi,s). (3.28) 



Using ll^/llg- < ll/llq-/, one has that 



< 



E 

E 



ai^l ^ r/fcj+jj(Vs)nfc/(yi)(s + |Cl±,0^(a;i 
lii|>io 



r?fc,+,,(V^)nfc/(yi)(s + |e||,0[(|fci|±l)'-5]- 

liil>io 



K|oos;i 



dyi 
(3.29) 



Since 



£!^f = u — c I S{t — s)sgn{s)f{s)ds, 
Jr 
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and the dual estimate argument implies that (see [39] ) 



□fe / Sit - s)sgn{s)f{s)ds 



<(A:i)-i/2+V.|p^/|| 



t2 . 

1 x,t 



The result follows. 



□ 



Let us recall that for q > 2, Proposition 13.61 was obtained in [39] by using the standard 
dual estimate argument. However, in order to get the sharp global well posedness result 
of p.ip with the nonlinearity (|1.2|) . the result in the case g = 2 is of importance. 



Proposition 3.7 Let 1 ^ p ^ oo. Then : ^ is uniformly bounded. More 

precisely, 

\\nkSit)uo\\LP < (1 + |tr/2)||n^uo||^, (3.30) 

uniformly holds for all k ^"L^ . 



Proof. See [21 [36]. 



4 Proof of Theorems 11.11 and 11.21 

Proposition 13.61 is crucial for us to reach the critical space mI^^" and mIX^'"^ for m = 
2fi; = 2 in Theorems 11.11 and 11.21 respectively. For convenience, we write 

ii^iir= E {h)'/''-'/n\akuh^L. ^ , (4.1) 



EW'/'-IP^^nll^^.^.^^^... (4.3) 



\\u\\ 

For simplicity, we assume that /u = 0. When /i 7^ 0, jup'^u can be handled by only using 
the Strichartz space. We consider the mapping 

r : u(t) S{t)uo - i^A • V{\u\'^^u). (4.4) 

Lemma 4.1 We have for any k = (ki, fc„) with \ki\ ^ |/i;2| V 20 and 1 ^ p,q ^ 00, 

\\d^,Dkfhi^Ll, < ll^^'iOfc/llLl^Ll,, « = 0,1. (4.5) 
In particular, one has that \\d^^u\\f^^ < H^i^jiiHl™, a = 0, 1. 
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Proof. By the almost orthogonality of and noticing that \ki\ ^ |/c2| V 20, we have 



.^1 



'xiOfc^lL' LS„,, (4.6) 



< _ 



which implies the result, as desired. □ 
Lemma 4.2 For any k,k^^^ G Z", k^^'^ = {k[^\ ...,kn^), we have □fcU = (— l)"n_fcn, and 

if\ki-kf^ - ...-k\''\ >r + l, i = l,...,n. 
Proof. See [ST]. 

Lemma 4.3 Let m = 2k with k £ N. We have 

\\ru\\r < ii^oii^i/2. + \\u\r{\\u\m''' + i\\u\rf^+' (4.?) 

Proof. It suffices to bound ||Tu||f™. Applying the 1/2-order smoothness of S{t) and 
Lemma 14. H 

iir^iir < ikolu,!/.. + \\d.,^{\u\"^u)\\r. (4.8) 



2,1 



For convenience, we write 



Af'^ = \ (feW, A:W) e (Z")^ : max ^| < 20 L 



A^f = |(fe«,...,feW) e (Z")^ : max ^ 2o| (4.9) 

for fcW = {k['\...,ki'^). Since DfeU = □ _fcn, we win make no distinction between u 
and u and write the nonlinearity as A • Vu^'^^^. Applying the smoothness of £/ and the 
Strichartz-smoothness estimate, 



< E E (fci)i/2+i/2''||5.,=c/nfc(n,a,n...n,(,«+i,n)||^^^, 
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,2(k + 1)/(2k + 1) 

^2/1+1,1 fceZ", lfci|^20Vmaxj^i Ifcjl 

:= I + //. (4.10) 

Using Lemma 1321 we see that in / and //, the summation on A; G Z" is finitely many and 
we have the the foUowing restriction on /c G in / and II: 

\k - A:« - ... - ^ 2k + 2. (4.11) 

So, ^ 4(k + 1) maxs \ k[^'^\. We separate the estimate of / into several steps. 
Step 1. We assume that \k^i'^\ = max^ l^i**^!- 

Case a. \k\ \ = max;^=l^,,,^„|/cj^ |. Applying the smooth effect of and ()4.1ip . we 
have 

< E ^^!'V/'+'/'ip.(.)niii»=i2_^n E 

< ||n||'^°'(||n|r^^)2'^. (4.12) 
Case b. \kP\ = max,=i,„„„ We have (ki) < (yfcf^) ^ (fcf^) and 

2k+1 

IPfc(i)^i-nfc(2«+i)^^llLi^L|,, ^ IPfe{i)«-nfc(-+i)«llL2,, n IPfcW^llii^ii^t 

S = K+2 

^ IPfe{2)^llL-L2 , , n IPfcW^llLiSL^ , , 

S = l,S7i:2 



2k+1 

X 

S = K + 2 



H \\n,,sM\Ll^^L^y (4.13) 



(2) (2) 

Hence, noticing that 20 ^ | ^ |A;2 I, we have 

I <h\r"'{h\r'"l'^^- (4.14) 

(2) (2) 

Case c. If I A;) — indbX-g^^^ \ ks I for some 2 > 2, then we can repeat the above proof 
to get the conclusion. 

Step 2. We assume that \k^^\ = max^ \ k[^'^\ for some i ^ 2. The estimate of / is the 
same as in Step 1. 
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Now we estimate II. In view of the Strichartz-smoothness estimate and ()4.1ip . we 
have 

II <Y. iP,(i)u...n,(2.+i)ii^(2.+2)/(..+i) <(iitxirt'-)2«^^ (4.15) 

a2k+1,1 

Collecting (j4.12p . (|4.14p and (|4.15p . we have the result, as desired. □ 
Lemma 4.4 Let m = 2k with k £ N. We have 

IITnir- < llnoll + IWinWuir'^f^ + {\\u\f'f^+' (4.16) 

Proof. By symmetry of || • ||™^^ it suffices to bound ||7~u||™^^. Applying the maximal 
function estimate of S{t), one has that 

n 

IITnlir^ < lkolU,i/2« + ||a,,^(n2'^+i)||r^ (4.17) 
^'^ 1=1 

We divide the proof into the following two steps. 
Step 1. K = 1. We have 

+ X] X] ll-^^.-^^fc (°fc{i)^n;.(2)nnfc{3)n)||^2^^|o^ 

:= / + //. (4.18) 
In view of Proposition 13.61 and ()4.1ip . 



hi 



Assume that \k^^^\ = \k^^^\ V Ife^-^-*! V By Holder's inequality, 

||nfc(i)'unfc(2)'unfc(3)'u||^i ^2 ^\\a^^r)u\\^2 lIDfeMnn^^Muii^a , (4.20) 

where r,s,q£ {1, 2, 3} are different from each other. We can further assume that {k^^^l = 
maxi^A^JA:^^^ Hence, 

\\D,,,,u..n,,,M\Li^Li^^\nirM\ 

(4.21) 

Noticing that 20 ^ j/cf ^| ^ \kl^J\, we have 

/< ||u||"'^(||nP^^)2. (4.22) 
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Using the Strichartz-maximal estimate, 

//<^ ||n,a)n...n,(3) 11^4/3 <(||n|r)3. (4.23) 



Step 2. K ^ 2. Using Lemma HTTl 

:=ri + ... + r„. (4.24) 
We estimate r2 for instance. By Proposition 13.41 we have 

^2< E (A;2)^/^+^/^'^||nfc(n,(i,n...n,(..+i)^)||^,^. 

+ E E (/c2)^+i/2.||nfc(nfc(i)n...n;,(2.+i)^/)||^2(„+i)/(2.+i) 

^2k+i,2 fcGZ", |fc2|=maxj^i |fej| 

:=r2i + r22. (4.25) 
So, using the same way as in the above, we have 

r2i < MnWuir^'f^ r22 < (||n|r*'^)2«+i. (4.26) 

The other terms Fj can be estimated in an analogous way and the details are omitted. 

□ 

Lemma 4.5 Let m = 2k with k £ N. We have 

WTut' < \\uo\\ ,,1/2. + \\u\ri\\u\r''^f^ + (||n|r*=-)2-+i (4.27) 
Proof. By Strichartz estimate, we have 

n 

\\ru\r < holU,i/2. + J2 Wd.^^n^'^^T- (4.28) 
^'^ 1=1 

It suffices to bound In view of the Strichartz and smooth-Strichartz 

estimates, 

\\d.,^u'^+'\r < ^ ||n,(n,a)n...n,(2.+i)n)|Li^^2^^ 

1+«;)/(1+2k) . (4.29) 

lo 

Repeating the argument as in Lemma [4. 31 we obtain the result and the details are omitted. 

□ 
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5 Cubic nonlinearity in 2D 



Now we split the (semi-)norms in different directions. 



fcez2, |fci|>|fe2|v20 



\u 



|sm2 
I2 



fcGZ2, |fc2|>|fci|V20 



\\u\\r = E = E w^^^WLi^Lt^y 

We see that 

||^||sm2 ^ ||^||sm2 j_ ||u|||m2^ ||^||max ^ ||^||max ^ ||^||max^ ||^||ant ^ ||^||ant ^ ||^| 



Due to Ofcii = (— l)"n_fcM, we can assume that 

00 CO 

F{u, u, Vn, Vn) = F{u, V^x) = E E C^u^.^u^Klu^J^ := E Fj{u, Vu) 

j=3 K+v\+V2=j j=3 

We define the following 

. ^ ^ ^ ^ 1 1 Qa ^ 1 1 sm2 n max n ant D str2 D gstr < > 



V = < 



a=0,l i=l,2 



and for any u,v gD, 



d{u,v) = E E 

a=0,l i=l,2 



We consider the following mapping ^ in (Djd), 

00 „t 

'0 



00 „t 

=^:ti^5(t)uo-iE / S{t-T)Fj{u{T),Vu{T))dT, 



i=3 

By Lemma |4.H 
Lemma 5.1 We have 



j=l,2a=0,l 
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Using Lemma l5. 11 we have 



a=0,li=l,2 



Lemma 5.2 Let u £ D. Then we have 



Proof. First, we estimate 



i=3 



j=3 



sm2 



By Proposition 13. 2[ 



d,,S{t)uo\\r' < E (^l)'llta||2 ^ WnoWMiy 

fcGZ2, |fci|>|fc2|V20 



For convenience, we write 



Af/ = G (Z^)^ : max < 2o} , 

A,Y = G (Z^)^ : max ^ 2o} , 



where k^^^ = {k[^\k2^^). Let us write vi 



Fj{u,Vu) = Vl...V^,+ l^l, \v\=Vi+U2. 

We see that ioi k + \v\ = j, 



\d.,^{vi.:v.+i.i)\\r' 

^ E+E| E c^^f^' 

:= / + //. 



By Proposition 13.41 Holder's inequality and Lemma l4. 2 



\s=l 



r oo r 2 



^^E E (^i) 



□fc fin 



r4/3 
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i-3 



n ^(|fc,_fc(l)-...-fe,p)lsCj+l)- 



(5.11) 



Noticing that there are at most 0{j) non-zero terms in the summation ^^^^2 |fc^|^|fc2|v20 
and |/ci| ^ Cj in (|5.11|) . we easily see that 



(5.12) 



s=j-2 



For convenience, we further write 



^iii = I (fc('\-,A;W) G A^f : A:f = max I , ^ = 1,...,A. (5.13) 



By Proposition 13.2 
/ 



E (^i)'^' 



fcez2, |fci|>|fc2|v20 



\s=l y 



The estimates for IIi,...,IIj are similar and it suffices to estimate IIj-2- If \k 
maxi^s^j 1^1*^1; by Holder's inequality and Lemma we have 

\\Uk{U^(i)Vi...U,^U)Vj)\\^^ ^2 



(5.14) 

{i-2)| _ 



i-3 



s=l 

In ([535]) . if l/cj-'^^^l ^ l/cj^^^k by Holder's inequality, 

IPfcO-2)i;j-2nfe(i)l^j||L2^ ^ IPfc{i-2)Wj-2||Ljo^L2^ JPfc(i)l^j||L2^L- (5-16) 

and if > ^^|, by Holder's inequality, 

|PfcU-2)^^i-2nfcO)^^j||L2 ^ ^ IPfcO-2)^'j-2||L-L2^ JPfcOj^^jlUi^L-,,- (5-17) 

We see that in IIj~2, there are at most Cj non-zeor terms in the summation J2kez'^ |fci|>|fc2|v20 
and \ki\ ^ Cj{\k[^~^^\ V |A;J'"^^|) if A:^, A;(j) E A('i\ it follows that 



^^.-2 < n 



istr2 



|sm2 I 



I max 1 1 „ , II max 



(5.18) 



\s=l 



24 



So, we have 

\\d.,^{vi...v^+\u\)\\T^<C^5^ (5.19) 
holds for any u € D. □ 

Lemma 5.3 Let u G D. Then we have 

oo 

Q=0,lj=l,2 ' j=3 

Proof. We have 

E E 11^". ^^11 



max n ant 
0=0,1 i=l, 2 



oo 



^ E E ii5:.5Wnoir^^"^°* + E E E \\d^.^F,{u,vnw 



I max n ant 

a=0,li=l,2 j=3 a=0,l j=l,2 

By Corollary [3TT1 we have for a = 0, 1 and i = 1,2, 



^ — ' p=oo,4 ^1 



< E(^i)'/'(^^)llta||i^||no||Mf,,- 



Again, in view of Corollary [JT 



„ , Ml max n ant 
a=0,l 1=1,2 

^ E E E ll^".°^=^(^l-^.-)llLi^L^^,,nL|^L,-^, 
a=0,li=l,2fceZ2 

^ E E (A:i)'/'||nfc(n,(i)t^i...nfcU)^;,)llLi, 
+ E E (fc2)='/'|pfc(nfc(i)t'i...n,u)^^,)ILi, 

fceZ2,|fc2|3=|A:i| fc(i),...,fc(i)eZ2 

:=Ti + T2. (5.20) 



We now estimate Ti. We have 



^1 ^ E E^^i)'^' ll^'^ (□fc(i)7;i...nfcO)^,)ILi^ 

fcGZ2,|fci|>|fc2| A-''^ 
lo 

+ E E^^i)'^' 11°^^ (□fc(i)t'i...n,o)t;,)lb 

fceZ2,|fci|3:|fc2| Ai'.' 



T11 + T12. (5.21) 
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By Holder's inequality and Lemma |4.2 



J-3 j 
fc(i),...,feU)eZ2 s=l s=j-2 

<c^(u\\vsrA ( n 11^^ ir^ 

\s=l / \s=j~2 



(5.22) 



In order to bound T12, we further decompose A^v^. We have 



i.hi 



□fc !!□ 



121- 



(5.23) 



The estimates of for i = 1, are similar and we only need to estimate Ti2,i. By 
Holder's inequality and Lemma |4.2[ 



Ti2,i < X n ||n,(.)i;,||i^J|nfc(i,^;infc„-i,^;,-in,o)^;,||Li 



i-2 



i-2 



i-2 



i-2 \ i 

Iistr2 



\s=2 



n 11". 

=i-i 



I ant 



Analogous to Ti2,i, we have 

Ti2,^ < C^K 

Using the same way as in the estimates of Ti, we can obtain that 
The result follows. 

Lemma 5.4 Let u G T>. Then we have 

00 

Y Y < \\uo\\mi, + Y^'^'- 

a=0,l 1=1,2 ' j=3 



(5.24) 

(5.25) 

(5.26) 

□ 
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Proof. We have 

oo 

a=0,li=l,2 a=0,l 4=1,2 j=3 o=0,l i=l,2 

By Corollary 13. H we have for a = 0, 1 and i = 1,2, 
Again, in view of Corollary EUJ 

a=0,l 2=1,2 fcGZ2, [fci|5s|A:2| 

+ E (^2)^/^||□fc(^^l...^,)llLi, 

fcezMfc2|>lfeil 

^Ti + T2, (5.27) 

where Ti and T2 are the same as in ()5.20p . So, one can repeat the proof of Lemma 15.31 to 
obtain the result. □ 

Lemma 5.5 Let u £ V. Then we have 

00 

E E ^ \Wo\\mi,+J2^'s^- 

0=0,1 j=l, 2 ' j=3 

Proof. We have 

00 

E E \K^^\r^ E E \\d^At)^o\r' +Y1 E E \K^Fj{u,vu)\r. 

0=0,1 i=l,2 a=0,l 4=1,2 j=3 o=0,l j=l,2 

By Corollary 13.11 we have for a = 0,1 and i = 1,2, 

\\d^^sit)uo\r' < Y.{k){h)\\nkuoh ^ WuoWmi, ^ IWoWmi,- 

In view of Proposition 13.31 Lemma 14.21 and Holder's inequality, 

/ i 



E E^i^^'^iv-v|A;(^')i) 



\s=l 



J A/3 



< a E ^l^^'^l V - V \k^^\) n \\^ki^^^^\\L-,^Li, 

A:(l),...,fcO)GZ2 s=l 
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< 



s=l 



|str2 



(5.28) 



Next, we estimate 



i=l,2 



+ J2 ^^^Yl \\^kdx,'^{vi...Vj)\\L^LlnLl 
|fc|>40 i=l,2 

:=ri + r2. 



(5.29) 



Using the same way as in (j5.28p . Fi can be estimated in an analogous way as above. Now 
we consider the estimate of r2 . It fohows from Lemma 14.11 that 



••■"i)llLi°°L2 nL4 , 

i=0A;eZ2,|A;i|>|fc2|V20 
oo 

+ E E {k2)\\aA,^{vi.. •^i)llL?°L2ni4^ 

i=0 fcgZ2, |fc2|>|fci|V20 

:= + r22- 



(5.30) 



We have 



r22 



< 



E+E) E 

YAf;2 Aj,f J fceZ2,|fc2|>|fci|V20 
r22,l + r22,2- 



\s=l 



(5.31) 



By Proposition 13.3 



^22,1 < E E 



fcgZ2, |fc2|^|fcl|V20 

lo 



,4/3 



Then we can use the same way as in (|5.1ip - ()5.12p to obtain that 



(5.32) 



r22,i<C^TI 



istr2 



By Proposition [3 



^22,2 < E E (^2)'^' 



A:GZ2, |A:2|>|A:i|V20 



(5.33) 



(5.34) 
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which reduces to the estimate of // as in ()5.10p and we have 

r22,2 < C^K (5.35) 

Analogous to r22,25 r22,i can be bounded by tlie riglit hand side of ()5.35p . □ 

Proof of Theorem 11.31 By Lemmas \h.'6\ 15.41 and we immediately have for 
any u £ V, 

Yl Yl ||a^^=^u||^'^2nma^nantnstr2ngstr < \\u^\\ ^ ^ (5.36) 
a=0,li=l,2 

Similarly, for any u,v G "D, 

d{u,v) <d^d{u,v). (5.37) 

Following a standard contraction mapping argument, we obtain that (|1.4|) has a unique 
solution u £ C(M, M| J n X. 

Finally, it suffices to show that u G Cioc{^,M-^ \ ). Let T > be arbitrary. By 
Proposition 13. 7[ 



l^llc{[-r,T];Mf/2) ~ (^)ll^o||^,3/2 + (T) J^^ \\Fiu{rm^^s^,dr 



< 



(r)||no||^,3/. + (T) (fc)3/2||n,F(n(r))||^i_^, (5.38) 
which reduces to the estimate as in Lemma 15.31 if we treat T > as a fixed number. □ 

6 Quartic nonlinearity in ID 

By Corollarv 13. H 

\\OkS{t)uo\\L3L^(RW) < (A;)^/^||nfcno||Li(K), (6.1) 

\\Ok-s/f\\LiLriM^+^) ^ (A:)^/='||nfc/|Li_^(Mi+i). (6.2) 

IPfe5'(t)no||i3i6(Ki+i) < (/i:)^/^||nfcUo||Li(M), (6.3) 

IPfc=^/llL3L6(Mi+i) < {k)'/''\\Dkfhl^(^^r+iy (6.4) 

IPfe5'(i)^o|lL4^^(Ki+i) < (/c)^/^||nfc'Uo||Li(M), (6.5) 

IP/c=s//IIl4,,(ri+i) < (A;)i/^||nfc/||ii^^(«i+i). (6.6) 

So, using the same way as in the proof of Theorem II. 31 one can prove the result of Theorem 
11.51 and the details are omitted. 

29 



7 On hyperbolic Schrodinger map 



In this section we prove our Corollary 11.41 

Lemma 7.1 Let k ^ 0, si,S2 £ with r G [l,oo] and s = {si,S2,ss) G S^. Suppose 
that ||sj||A/«j ^ r] <^ 1 for i = 1,2. Then we have |s3| — 1 G M^-^ and \\\ss\ — 1||a/«^ ^ CqT]. 

Proof. It is known that M^-^ C is a Banach algebra, we see that ||sj||Loo <^ 1 for 
i = 1,2. In view of Taylor's expansion we have 



IssI - l = Yl-sf-s|-l 

n=l 



(0,0) 



n=l ■ j=0 A=0 



In view of the algebra property of Af^^^, 

oo n 

n=l j=0 
oo n 

n=l j=0 

oo n 

^EE^"^'V":=Cor/, (7.2) 

n=l j=0 

the result follows. □ 

Lemma 7.2 Let k ^ 0, si,S2 G with r G [l,oo] and s = (si, 52,53) G S^. Suppose 
that ||si||A/K^ ^ 7? ^ 1 /or i = 1,2. Then we have uq := (si + 182) /{I + S3) G M^^^ and 
||ito||Af«i ^ Cirj. 

Proof. We may assume that S3 ^ 0. Taking S3 = S3 — 1, we have uq := (si + is2)/2(l + 
S3/2). Let us observe that 

si +is2 , , . . -t-^. / ^3 



(si + is2)J^(-l)^ (^|j . (7.3) 



2(l + sV2) 

Using the algebra property on M^^, analogous to Lemma [7. 11 we can obtain the result, as 
desired. □ 

By Lemmas O and [721 we see that uq = (si(0) + «S2(0))/(1 + 53(0)) G ^ is 
small enough if si(0),S2(0) G Mf^ with sq = (si(0), S2(0), 53(0)) G are sufficiently 
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small. Hence, in view of Theorem 11.3^ we obtain that (|1.4p has a unique solution u G 
Ml^) n C(M, mJ(^) n X. Taking 

2Re u 2Im u InP — 1 



1 + 1 + 1 + \u\^ 

and applying the same way as in Lemmas 17.11 and 17. 2| we have 

si, S2, |S3| - 1 e C(M, M^i) n AfJ/'). 
Finally, we show that si, S2, |s3| — 1 G X and we need the following 
Lemma 7.3 We have for x = {x2, ...,Xn), 

J2{kr\\Ok(.Ui...UN)\\L.^Ll 



r 1 



N 



Proof. The result was essentially obtained in |37j . 
By Taylor's expansion 

00 

si = "^{-iy\u\'^^2Re 



u, 



j=0 



xi I 



a^.si = 2i?en^., + '^{-iy\u\'^^2Reu^, + "^{-1)^ j\u\'^^-'^2Reud, 
j=i j=i 
By Lemmas 17.31 and 14. 2| we have 

^ ^ ^ ^ 1 1 g^||maxnstr2n gstrPl ant ^ ^ 
(1=0,1 i=l, 2 

Finally, it suffices to estimate ll^^^siH^™^, say, we bound ||(9a;^si|||™^. We have 



□ 



3=1 i=i 



We estimate 



\u 



\'^2Ren,,\\r' < E 

fceZ2, |fei|5!|A;2|V20 



E + E 

YA:(i),...,fcO-2)eAi'-2'i kW,...,kU)eA{7'''''J 
s=i+l 



>s=l 
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:=Aio + Ahi. (7.6) 

Using the fact 

and in view of Lemma 14.21 and Holder's inequality, we have 

2j 

fc{i),...,fc(j-2)ez2 s=3 

<C^\\n^Af'\\W\f'^?'- (7.7) 
Again, Lemma 14.21 and Holder's inequality yield 

Ahi < C^{\\n.Ar\\\ut'^f^ + ||n|r-2||^^j|.tr2(||^||str2)2i-l)_ (^^g) 

Collecting the estimates as in the above, we obtain that 

^-lUl^ IMXl 111 ^ 

So, we have shown ||t?".si||''™^ ^ 6. Similarly, we have the desired estimates for S2 and 
I S3 1 — 1. This finishes the proof of Corollarv 11.41 



8 Initial data in weighted Sobolev spaces 

If we can show that //*+^'^(M^) C ^(IR^) for any 6 > 1, then we get an exact proof of 
Corollaries ??. 

Proposition 8.1 Let seR, b> n/2. We have H^+''^''{W) C Mf ^(M"). 
Proof. It suffices to consider the case s = 0. We have 



ur'2Reu,,\\r' <Y,C'S^-' < S\ (7.9) 



For any b > n/2, using similar way as in Lemma |4.H 

ipA:/iii< E w^-'i^k+iio-'mi^-'^kik)'^/]]! 



|/|ooS;l 



It follows that 



Ml,^(E\\^>^(0'f\\l-) . (8.2) 
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If 6 G N, we see that 

Ikfcfflli^S ^ X/ ll^"5llL2([fc-l,fc+l]")- 
|a|s£b 

Hence, 



\ 1/2 

E ll^fc^ll^s < E I|5"5ll2 ~ IKx)^<7ll2. (8.3) 



Considering the map T : g ^ {akd : k £ Z"}, ([83]) impHes that T : L'^{W^ : {x^dx) 
fiH^R"-)) is bounded for any 6 G N U {0}. For any b > n/2, we can choose b > b with 
6 G N. In view of the real interpolation theory, we can interpolate £^(ff^(M")) between 
£2(l2(M")) and e'^{H~^{W)) and show that 

f E W'^'^Ml.) < E ll^^^lb ~ IKx)^<7ll2. (8.4) 

Taking c/ = 3^~^{if^f, we have from ([82]) and ([83D that 

ii/iim?,, < ^ n\2. 

Hence, we have ||/||mo^ ^ ll/ll//''.''- D 

9 Ill-posedness 

In this section we apply the idea as in [2J to show that 

\ut - A±u = • V(l'up'^u), ^(0, x) = uq(x) (9.1) 

is ill-posed in Ml if s < 1/2k. We can assume that the first coordinate of A is not 0. 
Let LP -.W ^ [0, 1] be a smooth function with supp 93 C G M" : |^| ^ 1} and Lp{i) = 1 
for C G G IR" : I^K 1/2}- Put for < e < 1, 

n^,N = 1^ (V^ (^"'(6 - iV)) + 9^ (^-^6 + iV))) [e'^i2) 



1 



In order to show that the solution map uq ^ u\?, not C^'*^"'^, it suffices to prove that 



sup 

tG[0,T] 



(ti-V(|7x|2«^z)) 



does not hold for v = S{t)uQ^j\f if 3> 1. It is easy to see that 



\uo,n\\m^-^ 



1. 
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Let us write 

■ V{\v\'^'^v)) := c£/d^,{\v\'^''v) + x) := M{t, x) + R{t, x). 

From the argument below we will see that M(t, x) contributes the main part. Denote 
^ = (^(1), ...,^(2«+i)) for ^(^■) € M". We have 

r itP(f) 1 

So,iv(^(^'^+^)-eW-...-e(^'^)K, (9.2) 

where 

j = l j=K+l 

K Ik 

j = l j=K+l 

and ^ = for ^(^'^ = i^2\ ...,Cn^). We can further write 

+ jv.(2«+i)« ^1 p(^) ^ivi? ;-^ivi? )x 

For convenience, we write for A = (Ai, A2K+1), Xj = +, — , 

We estimate Mi(t, ^(^'^+^)). By changing variables = rij + N for j = and 
^1 = Vj ~ ^ fo^ j = + 1) .-.J 2k + 1, one sees that 

PiO = Oie) in 

for Ai = ... = Xk = +, Xk+1 = ■■■ = X2K+1 = —■ Hence, for some £1 > 0, 

|Mi(t,e(''^+^)X[_A._.„_Ar+ei]x[-...i]"-l ^ Ari-(2«+i), t e [T/2,T]. 
The estimate of M2(i,^(2''+^)) is analogous to Mi(t, g^^ 

we have 

||Mi(t) + M2(t)||M|,, > A^'""'^ » 1, t e [r/2,r]. 
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Let us assume that Mr is the summation of Mrx. In the following we show that either 



or the support set of Mrx is disjoint with suppMi U suppM2. We divide the estimate of 
^i?A(i)C^^'^^^^) into the following three cases. 

Case 1. We consider the case + ... + ^^'^^ = 0(e) in A\. For example, we estimate 



X 



J2k,+1) „ itP(£) 1 

(^(2k))^- (^(2«+l) _ ^(1) _ _ ^(2k))^^_ (9 4) 

Making a change of variables = ijj + N for j = 2, ...,k + 1 and = rjj — N for 
j = 1, K + 2, 2k + 1, we see that 

P(0 = 2iV(r?i + r?«+i) + 0(£) in ^a- 

By considering \r]i + rj^+i] ^ and \r]i + ?7«;+i| ^ 1/VN in M^**", we see that 

Noticing that suppM^i C [-N - 1/2, -A^ + 1/2] x [-1/2, 1/2]"-^ for < e < 1, we have 

||Mi^i||M|_, < A^'/'-'"^ te[0,T]. 
Case 2. We consider the case ^ + ... + = ±2N + 0{e) in Ax- Say, we estimate 

ftj/ («<''+")-'>iv({'"'')AK«""+" - - - - (9-5) 

Changing variables ^) = rjj + N for j = + 1,2k + 1 and ^| = rjj — N for 

j = K + 2, 2av, we have 

P(0 = 4Ar(r/«+i + r/2«+i) + 0(£) in 

Similarly as in Case 1, we have 

||Mfl2||M,v <iv'/'-'"^ [o,r]. 

Case 3. We consider the case (,[^^ + ... + cf = ±2kN + 0{e) in vl^ with A: ^ 2. We easily 
see that the support sets of Mrx in this case never overlap with the support sets of Mi 
and M2. 
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Consider the following problem 

iut — A±u = \dxiu\'^'^dxiU, u{0,x) = uo{x). (9-6) 
Taking v = dx^u, we see that v satisfies 

ivt-A±v = dxA\v\^^v), v{0,x) =vo{x). (9.7) 
Using the same way as in the above, one sees that (|9.6p is ill-posed in Ml ^ if s < 1 + 1 /2k. 
Remark. From the proof above we see that 

ivt — Av = fi\v\'^'^ V , v{0,x)=vo{x) (9-8) 

is ill posed in M^^ if s < 0, i.e., the solution map is not C'^''+^ from M| into C([0, T]; M|^^) 
for any s < and T > 0. This implies that the well posed results in for NLS (|9.8p 
obtained in [361 EZ] are also sharp with respect the spatial regularity index. 

A Gab or frame 

We collect some results used in this paper for the Gabor frame, see for instance, Grochenig 
|13] . Gabor frame is a fundamental tool in the theory of time- frequency analysis, which 
was first proposed by Gabor [12] in 1946. A system {ej : j G J} in a Hilbert space Ti is 
said to be a frame if there exists two positive constant A,B > such that for all f £ T-L, 

MfW^ (^KLe,)\'^ ^B\\f\\. 

For convenience, we write Txf{y) = f{y — x), M^f{y) = e'^'^/(y), Tx is a translation by x 
and is a modulation by ^. Let g G L^(M"') and a,/3 > 0. If 

g{g,a,/3) ■.= {T^iM(Skg: /c,/gZ"} 

is a frame in L^, then it is said to be a Gabor frame in L^. 

Proposition A.l Let Q{g,a,/3) be a Gabor frame in L^. Then any f £ has an 
expansion 

/ = ^ CkiToiiMpkg- 

Moreover, \\f\\2 ~ ||(ch)||^2. 

Unfortunately, the generalization of Gabor frame in with p 7^ 2 is not available and 
the Gabor expansion only holds for the case p = 2. However, Proposition lA.ll also holds 
for modulation spaces M^^^ with 1 ^ p, g < 00: 
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Proposition A. 2 Let Q{g,a,/3) be a Gabor frame in L^. Then any f G ^ has 
expansion 

f=Yl CkiTaiMfskg. 
Moreover, \\f\\Ms, ~ ||(cw)||m- , where 



an 



A basic example of the Gabor frame is ^^^kx ^-\x-l\'' /2 . j^j^ ^nj 

B Function-sequence convolution 

Considering the Gabor frame expression for the solutions of linear Schrodinger equations, 
we need to treat the convolution on variables x € M" and / € Z". Since x and / belong to 
different measure spaces, we can not directly use Young's and Hardy-Littlewood-Sobolev's 
inequalities. So, we need the following 

Lemma B.l Let 1 ^ p, r ^ oo. Assume that 9 > 0, 9 > 1/r' + 1/p with p ^ r, or 
9 = 1/r' + 1/p E (0, 1) and 1 < p < oo. Then we have for any 6, c G M with \c\ ^ 1, 



EN 1 + 



\x-l + b\ 



<(c)VP+iA'||(a,)|k.. 



(B.l) 



Proof. For convenience, we denote by [x] the integer part of x G M. We have 

gM(i + tl±.*r " 



\^l^[x+b]+2 K[x+b]-l/ 



l=lx+b] ■'^ ^ 



(B.2) 



Noticing that \x — I + b\ ^ \x — y + b + l\ for any y G [I, I + 1), i ^ [x + 6] + 2, we have 

dy 



l^[x+h]+2 
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dy 



1 + 



\x -y + h + l\ 



^ \a'i\x[i,i+i){y)dy. 



Similarly, 



E 

K[x+b]-l 



^ 1 + 



^ |x-/ + b| 



\x — y + b\ 



^\ai\X[l,l+i){y)dy, 



and noticing that |c| ^ 1, for I = [x + b], [x + b] + 1 one has that 

\ai\dy 



^ + 



<4« 



1 + 



1 + 



\x — y + b\ 



\x -y + b\ 



\ai\X[i,i+i){y)dy 



Applying Young's inequality in the case 9 > 1/r' + we have 

\x — y + b\ 



1 + 



<ll(l + 



I LPr' /{P+r') 



i+i) 



(B.3) 



(B.4) 



(B.5) 



(B.6) 



Using Hardy-Littlewood-Sobolev's inequality in the case 6 = 1/r' + 1/p, we also have the 
result, as desired. □ 

We note that the hidden constant in the right hand side of (|B.ip is independent of 
6,c G M with |c| ^ 1. 



C Blow up solution of (O) in 2D 

Guo and Yang [16] found a class of solutions of the 2D Schrodinger map equation in the 
elliptic case, which contain a blow up solution for p.4|) in 2D elliptic case. We can easily 
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generalize their result to 2D hyperbolic case of dm). Let (t) = (1 + ^2)1/2 and 



3j-\ Xn 



S3 = — cos 



X2 ™2 
1 -^2 



it) 4{t) 



One easily sees that s = (si, S2, S3) satisfies 

Si = sxns, D = dl-dl^. 
Indeed, noticing that Dsi = 0, it suffices to show 

/ S2nS3 - S3nS2 \ 

-S1DS3 

SiDs2 J 




By a simple calculation, we see that 



□S2 = COS 
1 

= -- ^sm 



•^1 I'^'l • l-^l ■''2/ 



4(t) 



■ sm ■ 



4(t) 



-^2^ -^27 l-'^l "'"27 



■ COS ■ 



4(t) 4(t)3 — 4{t) 

Moreover, by an easy calculation to dtSi, we easily find that s is a solution. In view of the 
stereographic projection, we immediately have 



Proposition C.l 



is a solution of 



which blows up at t = 0. 



u(t, x) 



iut — Du 



-t + isin 



(t) + COS 



(^1 ^2) 
4(t> 



2u 



l + \u 



( 2 _ 2 



2\"'xi ^X2n 



(C.l) 



Proof. It suffices to show that u blows up at t = 0. Indeed, 



u(0, x) 



sm 



(•^'i -^'2) 



1 + cos 



one of the blow up curves is x\ — x"^ = 47r. 

Replacing t by t — T, we have a bow up solution at t = T: 



□ 



u{t, x) 



T — t + \ sin 



(^j ^2) 

4(t-T> 



(t-r) + cos^|4|^' 
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Since the solution has no decay as ^ oo, it does not belong to any Sobolev or modu- 
lation spaces. 
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